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Abstract 

We study the Hamiltonian structure of the Bergshoeff-Hohm-Townsend (BHT) 
massive gravity with a cosmological constant. In the space of coupling constants 
(ylo,m 2 ), our canonical analysis reveals the special role of the condition A^jm 1 ^ — 1. 
In this sector, the dimension of the physical phase space is found to be N* = 4, 
which corresponds to two Lagrangian degree of freedom. When applied to the AdS 



5_i 

(3JT)! asymptotic region, the canonical approach yields the conserved charges of the BTZ 

black hole, and central charges of the asymptotic symmetry algebra. 

(N ' 
> , 

^ ■ 1 Introduction 

in 

The new theory of massive gravity in three dimensions (3D), recently proposed by Bergshoeff, 
Hohm and Townsend (BHT) [U E], is defined by adding the parity invariant, curvature- 
squared terms to the Einstein-Hilbert action. With the cosmological constant Aq and the 
sign of the Einstein-Hilbert term o = ±1, the action takes the form 

X'- 1 = a j d 3 x^ (aR - 2A + ±Kj , K := R^ - ^R 2 , (1.1) 

where R\j is the Ricci tensor and R the scalar curvature. At the linearized level in asymp- 
totically Minkowskian spacetime, the BHT gravity is equivalent to the Pauli-Fierz theory 
for a free massive spin-2 field. The action (11.11) ensures the absence of ghosts (negative 
energy modes), and the unitarity in flat space [3]; moreover, the theory is renormalizable 
[1]. In the AdS background and for generic values of the coupling constants, the unitarity 
of the massive gravitons is found to be in conflict with the positivity of central charges in 
the boundary CFT [SI E]- One should also note that the BHT theory possesses a number of 
exact solutions 0, [7J EJ, its AdS sector is studied in [SJ |9], central charges are discussed in 
[SI Ellin], and supersymmetric extension in [TT] . 

It is interesting to observe that the particle content of the BHT gravity depends on the 
values of coupling constants. Thus, if we consider a maximally symmetric vacuum state 
defined by = A cS rjij, where Gy is the Einstein tensor and A eS the effective cosmological 
constant, this configuration solves the BHT field equations if A e g solves a simple quadratic 
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equation. For A /m 2 = — 1, two solutions for A e g coincide, and the two massive modes 
degenerate with each other [21 E]. In that case, there is an extra gauge symmetry at the 
linearized level which allows massive modes to become partially massless [21 [121 US] . The 
modes corresponding to A /m 2 = 3 are also found to be special, but they remain massive 

Motivated by the fact that the nature of physical modes in the BHT gravity has been 
studied only in the linear approximation, see also [T4] , we use here the constrained Hamil- 
tonian approach to clarify the dynamical content of the BHT gravity nonperturbatively. In 
particular, we will find out a natural role of the condition Aq/itl 2 ^ —1 in the canonical 
consistency procedure. 

The paper is organized as follows. In section 2, we give a brief account of the basic 
dynamical features of the BHT gravity in the Lagrangian formalism, and describe the BTZ 
black hole solution. In section 3, we apply Dirac's method for constrained dynamical systems 
[15] to make a consistent canonical analysis of the BHT gravity. Then, in section 4, we 
classify the constraints and find that the theory exhibits two local Lagrangian degrees of 
freedom. To obtain this result, we used a condition which, when applied to maximally 
symmetric solutions, takes the form A /m 2 ^ —1, corresponding to the case of massive 
gravitons. In section 5, we find the form of the gauge generator, showing thereby that the 
obtained classification of constraints is correct. In section 6, we briefly describe the AdS 
asymptotic structure by imposing the Brown-Henneaux asymptotic conditions, find the form 
of the improved generators and the corresponding conserved quantities, and calculate the 
central charges of the asymptotic symmetry. Finally, section 7 is devoted to concluding 
remarks, while appendices contain some technical details. 

Our conventions are given by the following rules: the Latin indices refer to the local 
Lorentz frame, the Greek indices refer to the coordinate frame; the middle alphabet letters 
(i,j,k,...;fi,u,X,...) run over 0,1,2, the first letters of the Greek alphabet (a,/3, 7, ...) run 
over 1,2; the metric components in the local Lorentz frame are 77^ = (+,—,—); totally 
antisymmetric tensor and the related tensor density e^ vp are both normalized as e 012 = 1. 

2 Lagrangian dynamics in the first order formalism 

The BHT massive gravity with a cosmological constant is formulated as a gravitational 
theory in Riemannian spacetime. Instead of using the standard Riemannian formalism, 
with an action defined in terms of the metric as in (11.1 p . we find it more convenient to 
use the triad field and the spin connection as fundamental dynamical variables. Such an 
approach can be naturally described in the framework of Poincare gauge theory [IB], where 
basic gravitational variables are the triad field b l and the Lorentz connection = —A^ % 
(1-forms), and the corresponding field strengths are the torsion T % and the curvature R 1 ? 
(2-forms). After introducing the notation A %: > =: —e^^oo and =: —e^kR k , we have: 

T = alb 1 + eW A b k , i? = dJ + - eW' A co k . 

2 

The antisymmetry of A^ ensures that the underlying geometric structure corresponds to 
Riemann-Cartan geometry, in which b % is an orthonormal coframe, g := rjijb 1 <g) V is the 
metric of spacetime, uf is the Cartan connection, and T 4 , R % are the torsion and the Cartan 
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curvature, respectively. For Tj = 0, this geometry reduces to Riemannian. In what follows, 
we will omit the wedge product sign A for simplicity. 

The description of the BHT massive gravity can be technically simplified as follows. 

(a) We use the triad field b l and the spin connection u/ as independent dynamical variables. 

(b) The Riemannian nature of the connection is ensured by imposing the vanishing of 
torsion with the help of the Lagrange multiplier A' = \ l ^dx^ 1 . 

(c) Finally, by introducing an auxiliary field f l = p^dx^, we transform the term K into 
an expression linear in curvature. 

These modifications lead to a new formulation of the BHT massive gravity, classically equiv- 
alent to ffTTTD : 

L — a \2ab% - ^A e ljk VVb k + ^L^J + \% . (2.1a) 

Here, the piece Lk is linear in curvature and depends on the auxiliary field p: 

L K = Rif -V K , V K := *(/*-/ V) =V K e, (2.1b) 

where / = f k k and e = b Q b l b 2 is the volume 3-form. In the component notation, with 
Rimn = G h i£kmn, L K takes the well-known form [TJ: 

L K = {UG tk -V K )£, V k := \Uikf lk ~ f) ■ 

The form of Vk = Vxi^b 1 , f % ) ensures that after using the field equations to eliminate /*, L K 
reduces to Ke (Appendix A). 

The field equations 

Variation with respect to b l ,u) 1 , f l , A\ yields the BHT field equations: 

a (^aRi - A e ijk b j b k - ^G- \ + VA; = , (2.2a) 

a hoTt + ^ V/iJ + e imn X m b n = , (2.2b) 

2IU- *(/*-/&*) =0, (2.2c) 
Ti = , (2.2d) 

where 0j = —dLx/db 1 is the energy-momentum current (2-form) associated to Lk, and V 
is the covariant derivative: for a 1-form A;, VAj = dXi + Eij k uj^X k . 

The last equation ensures that spacetime is Riemannian. The third equation implies: 

f - = *if = 2G\b k , 

2f = R, f = 21} = 2L\b k , (2.3) 
where is the Einstein tensor, and the Schouten tensor: 

G{j . Rij ~2^^]ijR 5 Lij ■ Rij ~^VijR • 



Introducing the Cotton 2- form C{ = VL i} the second equation reads 



— rCj + Ei mn \ m b n — . 



Next, we introduce the Cotton tensor Cy by Cj = C k iik, where ik = \sk mn b m b n , and note 
that the previous equation, combined with C\ = 0, implies: 



X — a C C — r mn X7 T 

Tfl 2 ' V * m ±J nj i 

V\ l = ^(y m C m )b m b n . 



Now, the first field equation takes the form: 



2aR t - A e mn b m b n - i-9< + (V m C in ) W = . (2.4a) 



m 2 m 2 



We can express the energy-momentum current 0j in terms of the corresponding energy- 
momentum tensor % n as (Appendix A) 

e, = rre n , 7? := s?v K - \f ik {f kn - fv hn ) ■ 

Expanding ( j2.4a[) in the dual basis e J , with Ri = 2Gy(? , yields: 

trGy - - -^Kij = , (2.4b) 



where 



= Krjij — 2LikG k j — 2(V m Cj n )£ m "j . 



These equations coincide with those found in [5j |2] (Appendix A). 

We display here a set of algebraic consequences of the field equations: 

fij = fji > (2.5a) 

\j =X ji , A = , (2.5b) 

af + 3A + ^V K = 0, (2.5c) 
where we used T n n = Vk- Consider now a maximally symmetric solution, for which 

Rijk = A c fiEijk , Rij = —2A e ff7]ij , R = —6Acs . (2.6) 

Equation (12.5cj) with fk m = 2Lk m implies that the effective cosmological constant A e s 
satisfies the quadratic equation 

Al s + Am 2 aA eS - Am 2 A = , 

which yields 

A cS = -2m 2 (a ± ^1 + A /m 2 ^j . (2.7) 
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BTZ black hole solution 

In the AdS sector of the BHT gravity, with A e g = —l/£ 2 , there exists a maximally symmetric 
solution, locally isomorphic to the BTZ black hole [TJ [T7J IT8] . 

In the Schwartzschild-like coordinates x^ = (t,r,(p), the BTZ black hole solution is 
defined in terms of the lapse and shift functions, respectively: 

N = -8Gm + -= + 5-^ , N v 



where m Q , J are the integration parameters and yl e g = — 1/£ 2 . The triad filed has the 
simple diagonal form 

b° = Ndt , b 1 = N- X dr , b 2 = r (dip + N v dt) , (2.8a) 

while the Riemannian connection reads: 

u° = -Nd(p, u 1 = N^N^dr , Co 2 = ~dt - rN v dcp . (2.8b) 

Then, using (I2.6P and CV, = 0, the field equations imply that the Lagrange multiplier A* 
vanishes, while the auxiliary field f l is proportional to the triad field: 

A 1 = , f = ifi* . (2.8c) 

3 Hamiltonian and constraints 

In local coordinates a^, the component form of the Lagrangian density reads: 

C = ae^o [ob\R lvp - ^A e l H ifl b Ju b Kf }j + -^C K + \e^\\T lvp , (3.1a) 
where the term Ck is conveniently represented in the first order formalism as 

C- K = \e^ p f\R lvp -bV K , (3.1b) 

where b = det(b\). 

Primary constraints. From the definition of the canonical momenta (71"^, H^, p^, Pf), 
conjugate to the basic dynamical variables (b 1 ^, co 1 ^, A l M , f 1 ^), respectively, we obtain the 
primary constraints: 

0;° := vr, « , <\> % a := irf - e^\ ip « , 

^° := IL° « , := Iir - 2ae 0a ? (abtp + /tf) « . 

« , P/wO. (3.2) 

The PB algebra of the primary constraints is displayed in Appendix B. 
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After noting that the term bVx is bilinear in the variables Uq and f l o, one can conve- 
niently represent the canonical Hamiltonian as 



U c = b\U % + u\Ki + f\n t + \\% + A;bV K + d a D c 



m? 



where 



Hi — —e 0al3 [aaRiap — aA Q eijkV a b k @ + V^A^) 
Id = -e 0a ? (aaT ia$ + -^V a / i/3 + e ijk V a \ k ^ 



2m 2 
T. — —loOo^T 



= e 0a " [u/ (2aab lfi + -j^fo} + 6 l A i/3 



Secondary constraints. Going over to the total Hamiltonian, 

n T = n c + u\w + t^t" + ^>* M + *V<" , 

where (u\,v t fJi ,w\,z' t fl ) are canonical multipliers, we find that the consistency conditions 
of the primary constraints 7Tj°, H , and Pj° yield the secondary constraints: 

n t :=n i + A,b%°^o, 



^ : =^ + ^K.A Q -./V)~o, 

7~^0. (3.3) 
They correspond to the fi = components of the field equations ( 12. 2p . Using the relation 

V K = b\V + f\ l -{^-fhl ) ), 

the canonical Hamiltonian can be rewritten in the form 

H c = b\U, + w'o/Ci + /* ^i + A l 7~ + d a D a . (3.4) 

The consistency of the remaining primary constraints Xa '■= {<fii a , ^i a ,Pi a , Pi a ) leads to 
the determination of the multipliers {u l a ,v l a ,w i (X ,z i a ) (Appendix B). However, we find it 
more convenient to continue our analysis in the reduced phase space formalism. Using the 
second class constraints X^, we can eliminate the momenta (7Tj a , n^,^ , Pj°) and construct 
the reduced phase space R\, in which the basic nontrivial Dirac brackets (DB) take the 
following form (Appendix B): 

2 

■ Tft 

{b\, A^K = rf 3 e Qa p8 , f 3 = —rf^e^S 

{\\,f J p}l = -2m 2 a V ij e 0a p5. (3.5) 
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The remaining DBs are the same as the corresponding Poisson brackets. 
In Ri, the total Hamiltonian takes the simpler form: 

n T = n c + + + w'oPi + z\P? , (3.6) 

1-l c is given by (13.4p . and the consistency conditions ( 13. 3ft remain unchanged. 

Tertiary constraints. The consistency conditions of the secondary constraints can be 
written in the form: 

{UuHtY, « ^V M (6?)-^ irori 6(r- A m ")A%, 
{Ki,H T }l « 0, 

{7-,^t}I « -^&W J ' fc , 

{7^,F T K « ^V M [fc(/* M - , (3.7) 

where, on the right-hand side, we use the symbolic notation := {0, Ht}\- The result is 
obtained with the help of the canonical algebra of constraints, displayed in Appendix C. By 
using V At (6/ij M ) ~ 0, the divergence of 67I M can be represented in the form 

V,(bTS) « \bh^V,(f mn f mn - f) - hi]);/'" - //",)] . 
The third relation in ( 13.71) yields the following tertiary constraints: 

#0/3 := fop ~ fpo « , (3.8a) 
0af}:=fafi-ffi a ™O. (3.8b) 

They represent Hamiltonian counterparts of the Lagrangian relations (12.5aj) . 

To find an explicit form of the consistency conditions for Tti and TZi, we have to replace 
the time derivatives <fi by their canonical expressions {<ft, Ht}- To do that, we introduce the 
following change of variables in ~Ht'- 

7Ti := 7Tj + /j P k , 2; := 2 - / fc« , (3.9) 

whereupon the (71*°, Pi ) piece of takes the form 

i ~_ 1 i ~r) „,i _ 0/ 1 J. I td 

Besides, we introduce the generalized multipliers 

TP — 11* _l_ c imn , 1 h 

U ft — u ft + e ^JmOOnfi , 

7 l — y i -4- c imn , , f 
^ ft " ft ' c ^mOJnfi 1 

which correspond, on-shell, to Vo&V and Vo/*^, respectively; moreover, we define 

^ ft ft J ft ■ 
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The consistency condition of TZi, multiplied first by 6*o and then by b l p, yields: 

U\{fo° - f) - fo"U\ - (Z'\ - fU° ) + b- l b\V a [b(f z a - fhi a )} = , (3.10a) 
g ^ + fp°U a a - iff - f6$)U° a + b~ l U p V a [biff - fhf )] = • (3.10b) 

The first relations, in which the arbitrary multipliers Uko and Z' kQ are cancelled, contains only 
the determined multipliers Uka and Z' ka . Using the expressions for Uka and Z' ka calculated 
with the help of Appendix B, one finds that this relation reduces to an identity (Appendix 
D). The second relation defines the two components Z'p = b k pZ' k0 of Z' k0 . 
The consistency condition of Hi in conjunction with f 1 3 . X j) yields: 



(./•'"//," - .P7/, () )Z;,, + rVJji - P% a V a f jk + —e ijk {P n - frf n )\\ « 



Substituting here the expression for the determined multiplier Z'j a , we find: 

fe tjk X k = 0. 

Thus, for / 7^ 0, we obtain three tertiary constraints: 

^o/3 := A 0/3 - A^ ~ , 



(3.11a) 
(3.11b) 



- The consistency conditions of the secondary constraints determine Z'^ and produce 
the tertiary constraints 6^ and ip^ u . 



Quartic constraints. The consistency of e "9 a/ 3 reads 

a 

and we have a new, quartic constraint, the canonical counterpart of ( 12.5bj) : 

X := A « 0. 

The consistency condition of # 0/ g is identically satisfied (Appendix D): 



{do/3, H T }\ — z 0/3 - z' m 







(3.12a) 



(3.12b) 



The consistency of e 



Oaf. 



'la? 



reads: 



{£° Q/ V«/3, H t }\ « -Aab I af + 3A + 



2m 2 



V 



K 



Thus, we have a new quartic constraint: 



<p:=af + 3A + —V K « 



(3.13a) 



as expected from fl2.5c[) . 



S 



To interpret the consistency condition for ip p, we introduce the notation 
tt, " := 7rf + X^Pk , w\' := u>* - u k X ik . 
The, the (ir®, Pi°,pi°) piece of the Hamiltonian takes the form 

u^ + w^ + zW = uW' + w'o'pV + z'o'Pf, 

and we have: 

{^ O/3 ,^tK = ^-^o~0. (3.13b) 
Hence, the multipliers w'p are determined. 

- The consistency conditions of the tertiary constraints determine w' 0/3 and produce the 
quartic constraints x an d <£■ 

End of the consistency procedure. The consistency condition of the quartic con- 
straint x determines the multiplier w' 00 : 



{ x ,H T y 1 = w'%^o 

J /30 



5 Ho + 5% + ^L = 0, (3.14) 



where w' ia = w ia - \ ik u k a . 

The consistency condition for the quartic constraint has the form: 

H T }\ = or^ « , 

SI"" := <t<T + (/"" - /<T) . (3.15) 

This relation determines the multiplier Zq , provided the coefficient f2 00 does not vanish. 

- The consistency conditions for the quartic constraints determine w' 00 and z' 0Q . 

This finally completes the consistency procedure. At the end, we wish to stress that the 
completion of this process is achieved by employing the following extra conditions: 

f^O, (3.16a) 
Q°V0. (3.16b) 

Dynamical interpretation of these conditions is discussed in the next section. 

4 Classification of constraints 

Among the primary constraints, those that appear in T-Lt with arbitrary multipliers are first 
class (FC): 

7r, 0// ,n i ° = FC, (4.1a) 

while the remaining ones, p® and Pj°, are second class. 

Going to the secondary constraints, we use the following simple theorem: 
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■ If is a FC constraint, then {0, Ht}* is also a FC constraint. 

The proof relies on using the Jacoby identity. The theorem implies that the secondary 
constraints Ht := — {vTj 0// , Ht}* and )Ci = — {IL; , are FC. After a straightforward but 
lengthy calculation, we obtain: 

Hi = H'l + /iAV M A jfc )&V + hf(y,f jk )b\pi° , 

JCi = /Q - e ijk (X j p k0 - V \ k nP n0 ) - e ijk (f j P k0 - V f k n P n0 ) , (4.1b) 

where := 'Hi + f k {R, k + \ k iT k . As before, the time derivative is a short for {0, H T }\. 

The total Hamiltonian can be expressed in terms of the FC constraints (up to an ignorable 
square of constraints) as follows: 

H T = b l H t + w\Ki + «V* " + ^oIT . (4.2) 

In what follows, we will show that the complete classification of constraints in the reduced 
space R\ is given as in Table 1, provided the conditions (13 . 1 6[) are satisfied. 



Table 1. Classification of contraints in Ri 





First class 


Second class 


Primary 


7T,°", IT 


„ pO 


Secondary 




111 /v l 


Tertiary 




$0/3, #0/3, Xp p, 1p a 


Quart ic 







Here, TZ^ is a suitable modification of TZi, defined so that it does not contain /, 



(0- 



K'i = Hi + ^ [(g 00 h t a - g 0a h t °)f 0a + g 0a f ta - h t °r a ] . 

To prove the content of Table 1, we need to verify the second-class nature of the con- 
straints in the last column. This can be done by calculating the determinant of their DBs. 
In order to simplify the calculation, we divide the procedure into three simpler steps, as de- 
scribed in Appendix E: (i) we start with the subset of 6 constraints Ya '■= (6*0/3, f, P a0 , Po°) 
and show that they are second class since the determinant of {Ya, Yb)\ is nonsingular; then, 
(ii) we extend our considerations to Za '■= ("00/3, X;P at \.Po ), an d show that these 6 con- 
strains are also second class; finally, (iii) we show in the same manner that the remaining 8 
constraints Wa '■— (7i, 7^, \e Q<x ^ij) a p, ^£ Oa(3 al3 ) are second class. 

■ Thus, all 20 constraints (Ya, Zb, Wa) are second class. 



Note, however, that this result is valid only if the condition Ii3.16b\) is satisfied, as shown in 
Appendix E. 

When the classifcation of constraints is complete, the number of independent dynamical 
degrees of freedom in the phase space Ri is given by the formula: 

N* = N — 2Ni — N 2 , 
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where N is the number of phase space variables in R±, N% is the number of FC, and N2 
the number of second class constraints. According to the results in Table 1, we have N = 
4x9 + 4x3 = 48 (4x6 momentum variables are already eliminated from Ri), N± = 12 
and N 2 = 20. Consequently: 

■ the number of physical modes in the phase space R\ is N* = 4, and the theory exhibits 
2 local Lagrangian degree of freedom. 

What is the dynamical meaning of the extra conditions (13.16!) ? To clarify this issue, let 
us consider their content for maximally symmetric solutions. 

When the first condition is violated, that is when / = 0, we have R = 0, A eS = 0, 
and Rij = 0. This is possible only when A = 0, as follows from the field equation (12.4bl) . 
and we have a completely trivial dynamics. This motivates us to accept / ^ as a natural 
dynamical assumption. 

Turning to the second condition, we use = 2L fiU to rewrite VL^ V in the form 

Thus, Q 00 vanishes when A c g = -2mV, or equivalently, when Ao/m 2 = —1, as follows from 
(12. 7p . At this point, the mass spectrum of the BHT gravity, in the linearized approximation, 
undergoes a serious transition, whereby the massive sector of gravitons becomes partially 
massless [21 [121 02] • At the canonical level, this phenomenon is reflected in the fact that, 
for Q 00 = 0, the multiplier z' 00 remains undetermined, and consequently, some of the second 
class constraints become first class. Thus, using Q 00 ^ 0, we stay in the massive sector of 
the BHT gravity. In particular, the special case A /m 2 = 3 also belongs to this sector. The 
canonical structure of the complementary sector f2 00 = is left for future studies. 



5 Gauge generator 



After completing the Hamiltonian analysis, we now employ the Castellani procedure (19] to 
construct the canonical gauge generator. Starting with the primary FC constraints 7Tj 0// and 
n,°, we find: 



G[t] 



T 7Ti + T 



w 



e ijk uJ J 7r 



e ijk Vo(f kn - fv kn )n n 



kn\ 



G[a] = am, + a< (iC - e ijkf J U k - e ijk V 7r k0 ") 



(5-1) 



The complete gauge generator has the form G = G[t] + G[cr], its action on the fields is 
defined by the DB operation <5 O = {4>, G}1, but the resulting gauge transformations do not 
have the Poincare form. The standard Poincare content of the gauge transformations is 
obtained by introducing the new parameters [20J 



T 



p • 



a 



-9' 



ii 



Expressed in terms of these parameters (and after neglecting some trivial terms, quadratic 
in the constraints), the gauge generator takes the form: 



G — —G\ — G>2 ? 

g 2 = pn i ° + e i [K; i -e ijk (v n m + u? n™ + x p™ + f* p k0 )] . (5.2) 

Looking at the related gauge transformations, we find a complete agreement with the 
Poincare gauge transformations on shell. 



6 Asymptotic structure in the AdS sector 

Asymptotic conditions imposed on dynamical variables determine the form of asymptotic 
symmetries, and consequently, they are closely related to the gravitational conservation laws. 
In this section, we focus our attention to the AdS sector of the theory, with A e g = —l/£ 2 . 

Asymptotic conditions. The AdS asymptotic conditions are defined by demanding 
that (a) the asymptotic configurations include the BTZ black hole solution, (b) they are 
invariant under the action of the AdS group 50(2, 2), and (c) the corresponding conserved 
charges are well defined. These requirements are realized by the Brown-Henneaux type of 
asymptotic conditions on the triad field b 1 M and the Riemannian connection u/ M , which have 
the same form as in the topologically massive gravity [20]. In the BHT massive gravity, 
there are two more Lagrangian variables, the Lagrange multiplier A*^ and the auxiliary field 
f\, whose asymptotic behavior is defined by generalizing f |2.8c[) : 

AV = 0, f M =Ifo^ + (9, (6.1) 

where O denotes terms with arbitrarily fast asymptotic decrease. 

Having chosen the asymptotic conditions, one should find the subset of gauge transfor- 
mations that respect these conditions. It turns out that the parameters of the restricted 
gauge transformations are defined in terms of two functions, T + (x + ) and T~(x~), in the 
same way as in [20]. The resulting asymptotic symmetry of spacetime coincides with the 
conformal symmetry. 

The improved generator. The canonical generator acts on dynamical variables via 
the Dirac bracket operation, hence, it should have well-defined functional derivatives. In 
order to ensure this property, we have to improve the form of G by adding a suitable surface 
term T, such that G = G + T is a well-defined canonical generator. The surface term of the 
improved canonical generator G takes the form 

T = - ' dtp (?£i + fM 1 ) , (6.2a) 
Jo 
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where 



£ a := 2ae 0af) 
M a := -2ae 0alB 



o o > 

,2 



b\ . (6.2b) 



Conserved charges. The values of the surface terms, calculated for £° = 1 and £ 2 = 1, 
define the energy and angular momentum of the system, respectively. In particular, the 
energy and angular momentum for the BTZ black hole are: 

E=(a + -\-)m , M = ((T+ -\-) J . (6.3) 



2m 2 £ 2 J u ' V 2mH\ 

This results is verified by using Nester's general covariant formalism [21], see also [6]. 

Central charges. Using the notation := G[T^~ , T~], the main theorem of [22] states 
that the canonical algebra of the improved generators has the general form: 

{g (2) ,G (1) }=G (3 ) + C (3 ), (6.4) 

where CV3) is the central term. Introducing the Fourier modes for the improved generator, 
= —G[T T = e mx ], the above canonical algebra is found to have the form of two 
independent Virasoro algebras with identical central charges, 



U ( 1 



a 



2G V 2m 2 £ 2 



(6.5) 



see [5j [21 [6]. Once we have the central charges, we can use Cardy's formula to calculate the 
black hole entropy: 

1 \ 2tit, 



where r + is the radius of the outer black hole horizon. 

In order to have a unitary boundary CFT, the central charge (I6.5P has to be positive. 
On the other hand, one also expects that massive gravitons, defined as small excitations 
around the AdS background, should carry positive energy. Now, relying on the analysis 
performed in [2], one can conclude that for generic values of the coupling constants, these 
two requirements are in conflict with each other. For possible resolutions of this conflict, see 
[2]. Note, however, that the positivity of the central charge and the BTZ black hole energy 
are in agreement with each other. 



7 Concluding remarks 

In this paper, we studied the BHT massive gravity as a constrained dynamical system. 

Our basic goal was to obtain and classify the constraints and deduce the dimension of 
the physical phase space iV*. In the process of completing Dirac's consistency procedure, we 
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discovered the essential role of the extra condition Q 00 ^ 0, Eq. ( 13.16b)) . When applied to 
maximally symmetric solutions, this condition describes the sector of massive gravitons with 
Ao/m 2 7^ —1. In this sector, the dimension of the phase space is found to be N* = 4, which 
means that the theory exhibits 2 Lagrangian degrees of freedom. The canonical structure of 
the complementary sector f2 00 = with partially massless gravitons is left for future studies. 

As a particular application of our results, we examined the AdS asymptotic structure 
of the theory. Using the Brown-Henneaux type of asymptotic conditions, we calculated 
energy and angular momentum of the BTZ black hole, and central charges of the asymptotic 
symmetry algebra. Our results are in agreement with those existing in the literature. 
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A On the first order form of Lk 

In this appendix, we display several interesting relations related to the first order formulation 
of L K , defined in ( l2Tb|) . 

The variation of Lk with respect to /j yields 2Ri — *(/* — fbi) = 0. This equation can 
be solved for f l as in (I2.3p . which implies 

L K = \r % T = RiU = G kl L lk e = Ke . (A.l) 

Thus, the expression for Lk is classically equivalent to K. 

Following the analogy with electrodynamics, we rewrite the term Vk in Lk as: 

V K = \m = V K e , W := \* (f - fU) . 
The energy-momentum current (density) associated to Lk is given by: 

04 := J ~w = d ~w = h J Vk - nk{kl fk) ■ (A - 2) 



Then, using 



bi\v K = v K ii , n\h J f k ) = \f ki (f kn - f V kn )e n 



we find: 

O, = 7Te„ , 71" := 6?V K - l -f kl {f kn - fv hn ) , (A.3) 
where 7I n is the dynamic energy-momentum tensor: 





(bV K ) = b%» 
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Using the relations 

rnnrj (~i V7 m V7 T X7 m X7 T f? F? fymn , n p V72 r 

* / . A 1 \ 3 A A 

RimjnR ^7ij I RmnR 2^ / 2 2R{ n R j , 

LikG j = RikR j — -^RRij + gVijR 1 



one can rederive the forms of found in [TJ [5] : 



Ktj = —VjViR + 2 W 2 L i3 - ^RijR - TfyK + AR imjn R mn 

1 9 - - / - - 13 

= — -VjVi-R + 2V Lij + -RyR — 8Ri n R U j + 77^ I 3R mn R mn — —R ) . 



B Reduced phase space formalism 



Starting from the basic Poisson brackets (PB) {b 1 ^, 7ij u } = 5j5^5(x — x') etc., one finds that 
the nontrivial piece of the PB algebra for the primary constraints = (<pi a , &i a ,pi a , Pi a ) 
has the form: 



The consistency conditions of X4 determine the corresponding multipliers, which are con- 
veniently written in the form: 



u 



-e ijk u j0 b ka + V a b\ 



v\ = Co\ = V Q u/ + ~be 0a p(f ~ f h% 



w 



-e^ k uj j0 X kct + V^o + 2Ae i H jQ b ka - aabe 0a ^ - fh*) + — 2 be 0a ^ 



ri 

J a 



-£ V OJjofka + V a / J o —£ 13 (bj Xka ~ bj a X k o) 



(B.l) 



Now, we go over to the reduced phase space Ri, defined by eliminating the momentum 
variables from the second class constraints X^. Consider the 24 x 24 matrix A with matrix 
elements Aab = {Xa,Xb}'- 



A{x,y) 






— 2aa 


-1 











a 


— 2aa 
















m 2 


-1 














a 










m 2 
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The matrix A is regular, and its inverse has the form 

1 



A- 1 , 














1 







2 

m 
a 


[° 





-2m 2 a 






\ 


2 

m 




a 




2m 2 a 







/ 



Thus, the constraints Xa are second class, and A 1 defines the DBs in Ri. 

{0, = {0, v> - {0, x A }(A-y B {x B , i,} . 

Explicit form of the nontrivial DBs is displayed in ( 13.5)) . 



C Dirac brackets 

In this appendix, we display the set of DBs, needed in the main text. 
We start with the DBs of the secondary constraints: 

{H i ,U j }* 1 = 4aA e ijk T k 6 



a 



^- ha(b7l a ) - h -e imn {f ma - fh ma )X" a ) - (i j) 



{ r H i) TZj\ 1 = — 



^-V a {bm - -^-V a (bH°) - h -e imn {5 m 3 g Qa - h?h ma )\ n J 

VJ J 0J J a 2 



* IT) 1 

{Hi, 7}}J = -— ^ fc 5 + -6e imn [^°/ mn - f m i(h n0 - b n g 00 ) - /°^ m0 6 n ] 5 , 
{/Cj,/Cj}^ = —EijkfC k 5 , {/Q, 7^}* = —Eijk7Z k 5 , 



{n^K^l = [-d^bh^h, ) + be imn u m a {g 0a 5 n ] - hThj )] 8 - (z j) 



{Ti,T j y 1 = o. 

The DBs between the secondary first class constraints are given by: 

-e ijk (f kn - f V kn )iC n 5 , 



(C.la) 



{Hi,Hj} 
{Hi, JCj} 

{iCi, iCj} ■■ 



SiikH $ ■ 



~'ijk i 



-EinkJC 5 ■ 



(C.lb) 
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Finally, we display the most important DBs involving the tertiary constraints: 



m 2 n „, fl ,„•,*.„ m 2 



{Ti.e^U}*! = e^e ijk V a b k p 5 = 2bh i °8 , 

a a 

{Ti,£ 0aP X a p}* 1 = 7#«0, 

e ^}* = ^ [J, - + g°\f l0 + 2m 2 ab l0 ) - fc°(/°o - 2mV)] 5 , 
{e°^X a ^ e^Ml = -e°^f aP 5 « . (C.2) 

D Two identities 

In this appendix, we prove that equations (13. lOaj) and ( I3.12bl) are identities. 
1. Equation (13. 10aj) can be rewritten in the following form: 

Z' a a + f/U a a + U\f a = b- l b\V a [b(fi a - fhi a )) . (D.l) 

Using the relations: 

Z a a = /ij Q V a / ? o , 

Z' a a = h^Vafo ~ f a l V a b t « b\ V a f« - foVahf , 

the left-hand side of pill can be transformed into 

L = b\V a h a - foVafH" - f f) f> b i V a h i a + f a h t °V a b l . 
Let us now rewrite the right-hand side of ( ID. II) as 



R = b l V a f t a - fb l V a h t a + fo^Vab . 

By noting that 

fo a h/V a b^ « -h a b\V p hf « -(f - /o°^o)V a ^ a , 

we find R = L, which implies that equation (13. lOaj) is satisfied identically. 
2. The consistency condition (13.12bj) can be rewritten in the form: 

Zap = Z'p ■ (D.2a) 



Since Z'^ is determined from (13.10bj) . the proof that flD.2al) is an identity is realized by 



showing that the substitution of flD.2aj) into (13.10bj) yields an identity. By making use of 
( 1D.2al) and Z'^ a = Z' a g, equation ( I3.10bl) takes the following form: 

Z'% + fp°U a a - (f p a - fS a .)U° a + b- x U p V a {b(f« - fhf)) = . (D.2b) 
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Let us now use the following relations: 



9 

m 



Z'% = h i0 Vpf i0 - AV^o - — e ijk {h%\X k p - h i0 Vp\ k ) , 
fp°U\ - (fp a - f5$)U\ = -fp°b\V a h t a + {fp a - fS^b'oVahi , 
b-WpVc [b(fi a - fh a )\ = (b- l V a b)(fp a - fS?) + VpVafi" - dpf - fVpVahi" 

and, in addition to that, 

(6 _1 V a 6)(/^ a - fS%) = -{VoVahfKff - fSf) - (y a hi a ) (f p * - b\fp° - fVp) . 

Then, the left-hand side of ( 1D.2bl) takes the following form: 



2 

m 



ti»Vpfi» - dpf - rVpk, + hi a {V a fp - Vpf a ) e ijk (ti°V \ k p - h l0 Vp\ h Q ) 

CI 

2 

-Wph* - rVpb ilM - —e ijk (ti^V^p - ti»Vp\\) « 



a 



Hence, relation (lD.2b|) is satisfied identically, which completes our proof. 



E Second class constraints 

In this appendix, we show that the set of 20 constraints in the second column of Table 1 
are second class. Instead of calculating the determinant of the 20 x 20 matrix of the related 
DBs, the proof is derived iteratively. 

Step 1. We begin by considering the subset of constraints Ya '■= (Oopi V 9 , -P" , Po )- The 
6x6 matrix Aj with matrix elements {Ya, Yb}\ has the form: 



Ai 

A :-- 

The explicit form of A reads: 



03x3 ^3x3 
_ ^3x3 °3x3 



{00a, {00a, iV}? 

{y,P^}\ { V ,P °}1 



A — I 90a 1 A 



Using the formulas 

detA = g 00 n 00 } 

det Ai = det(A4 T ) = (det A) 2 , (E.l) 
we see that Ai is regular provided the condition (13.16bj) is satisfied. 
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Step 2. Next, we focus our attention on the subset Za '■= (ipop, XiP ->Po )■ The 
corresponding 6x6 matrix A 2 reads: 



where 



The matrix A 2 is regular: 



B. 



B 



C :-- 



3x3 6*3x3 



"^3x3 ^3x3 



„0/3 I 



5. 



det(C)=^% , 
detA 2 = (detC) 2 . 



(E.2) 



Step 3. Finally, we consider the remaining subset Wa = (71, e 0al3 \ a /s, TZ'^ £ 0al3 f a /3)', these 
constraints do not contain the variables f i0 , A i0 - The 8x8 matrix {Wa, W b }\ takes the form 



4 



x4 



4x4 



-m: 



where 



M = 



3x3 



^3x1 



4x4 -^4x4 



N = 



3x3 



3 xl 



#1x3 °1> 



0ix3 Oixl 



and the matrices D,E,F and H are given by 

1 



£ijn ( 2^™° _ 9°°b n o J _ hj°ei mn b m h n0 



Ei := {7- £ °^/ a/3 K = -— 2&/i i °<5, 
= {n' t ,e ^\^}* 1 = 2abn i 5, 



5, 



7. . 

The calculation of det A 3 yields 



F« := 



detM = -e ijk e mnl D im Dj n E k Hi = -m 2 b 4 g 00 Q 00 , 
det A 3 = (det M) 2 . 



Thus, det A 3 ^ provided fi 00 ^ 
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